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INTEGRAL GEOMETRIC FORMULAE FOR MINKOWSKI TENSORS
DANIEL HUG AND JAN A. WEIS
ABSTRACT. The Minkowski tensors are the natural tensor-valued generalizations of the in-
trinsic volumes of convex bodies. We prove two complete sets of integral geometric formulae,
so called kinematic and Crofton formulae, for these Minkowski tensors. These formulae ex-
press the integral mean of the Minkowski tensors of the intersection of a given convex body
with a second geometric object (another convex body in the kinematic case and an affine
subspace in the Crofton case) which is uniformly moved by a proper rigid motion, in terms
of linear combinations of the Minkowski tensors of the given geometric objects.
1. INTRODUCTION
One of the origins of classical integral geometry is a series of lectures given by Wilhelm
Blaschke in Germany, Bulgaria, and Rumania in the 1930s (collected in [4]). He initiated
investigations on questions in the field of convex and differential geometry, which arise from
problems in classical geometric probability, but are nevertheless of geometric interest, inde-
pendent of their probabilistic applications. Integral geometry basically deals with averaging
certain geometric functionals with respect to invariant measures. In particular, intersection
formulae are integral geometric key results, which describe integral mean values with re-
spect to invariant measures of specific geometric quantities evaluated at the intersection of a
moving geometric object and a fixed geometric object. For a classical approach to this topic
see [29], recent developments are described in the monographs [34, Chap. 5] and [33, Chap.
4.4].
The two best known and most important classical intersection formulae are the princi-
pal kinematic formula and the classical Crofton formula, which treat the intersection of a
convex body in Euclidean space with another geometric object (in the kinematic formula
this is another convex body, in the Crofton formula this is an affine subspace) which is uni-
formly moved by a proper rigid motion. More precisely, denoting the space of convex bodies
(nonempty, compact, convex sets) in Euclidean space Rn by Kn, the principal kinematic for-
mula (see [33, (4.52)]) for the intrinsic volumes Vi, i ∈ {0, . . . , n}, states that, for any two
convex bodiesK,K ′ ∈ Kn and j ∈ {0, . . . , n},
∫
Gn
Vj(K ∩ gK ′)µ(dg) =
n∑
k=j
αn,j,kVk(K)Vn−k+j(K
′),(1)
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where Gn denotes the group of proper rigid motions of R
n, µ is the motion invariant Haar
measure on Gn, normalized in the usual way (see [34, p. 586]), and the constant
αn,j,k :=
Γ
(
k+1
2
)
Γ
(
n−k+j+1
2
)
Γ
(
j+1
2
)
Γ
(
n+1
2
)
is expressed in terms of specific values of the Gamma function. Furthermore, the classical
Crofton formula (see [33, (4.59)]) for the intrinsic volumes states that, for a convex body
K ∈ Kn, k ∈ {0, . . . , n}, and j ∈ {0, . . . , k},
(2)
∫
A(n,k)
Vj(K ∩ E)µk(dE) = αn,j,kVn−k+j(K),
where A(n, k) is the affine Grassmannian of k-flats in Rn, µk denotes the motion invariant
Haar measure on A(n, k), normalized as in [34, p. 588], and αn,j,k is the same constant as in
the principal kinematic formula (1).
The functionals Vj : Kn → R, j ∈ {0, . . . , n}, appearing in (1) and (2), are the intrinsic
volumes, which are the uniquely determined coefficients of the monomials in the Steiner
formula
(3) Hn(K + εBn) =
n∑
j=0
κn−jVj(K)ε
n−j, ε ≥ 0,
which holds for all convex bodiesK ∈ Kn. As usual in this context, + denotes the Minkow-
ski addition in Rn, Bn is the Euclidean unit ball in Rn of n-dimensional volume κn, andHn
is the n-dimensional Hausdorff measure. Properties of the intrinsic volumes such as conti-
nuity, isometry invariance, additivity (valuation property) and homogeneity are derived from
corresponding properties of the volume functional. It is well known that the intrinsic vol-
umes can be uniquely extended by additivity to finite unions of convex bodies (polyconvex
sets). As an immediate consequence, all integral geometric results in this contribution hold
more generally for polyconvex sets. A key result for the intrinsic volumes is Hadwiger’s
characterization theorem, which states that V0, . . . , Vn form a basis of the vector space of
continuous and isometry invariant real-valued valuations on Kn (see [33, Theorem 6.4.14]).
This theorem can be used to derive not only (1) and (2), but also Hadwiger’s general integral
geometric theorem (see [34, Theorem 5.1.2]).
In the early 1970s, Hadwiger & Schneider (see [7]) and Schneider (see [31, 32]) intro-
duced a vector-valued generalization of the intrinsic volumes (which are also called quer-
massintegrals), the so called quermassvectors or curvature centroids. In fact, they proved
a characterization theorem, similar to the aforementioned theorem by Hadwiger, for vector-
valued valuations. Furthermore, they established kinematic and Crofton formulae for the
quermassvectors by an application of their characterization theorem. More recently, Mc-
Mullen (1997) made one step further and initiated a study of tensor-valued generalizations of
the intrinsic volumes (see [26]). In the same contribution, he suggested as the “ultimate aim”
to find a description of the vector space of continuous and isometry covariant tensor-valued
(of a fixed rank) valuations on Kn, in the spirit of Hadwiger’s paradigmatic characterization
theorem in the scalar-valued case. Only two years later, Alesker showed that this vector space
is spanned by the so-called Minkowski tensors (see [1, 2]), which are natural tensor-valued
generalization of the intrinsic volumes. In contrast to the intrinsic volumes in the scalar case
and to the quermassvectors in the rank one case, the Minkowski tensors of rank greater than
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one satisfy nontrivial linear relationships, which were already discovered by McMullen (see
[26, Theorem 5.3]). In particular, they do not form a basis of the vector space they span.
Thereafter, Hug, Schneider & Schuster proved that these linear relationships are essentially
the only ones, and thus they explicitly determined the dimension of the corresponding vector
space (see [13]).
Alesker’s characterization result for the Minkowski tensors is naturally connected to in-
tegral geometric formulae for the Minkowski tensors. In fact, Alesker’s characterization
theorem already implies that the kinematic and Crofton integrals for Minkowski tensors can
again be expressed in terms of Minkowski tensors. However, the existence of linear de-
pendences makes it substantially harder (if possible at all) to determine these intersection
formulae explicitly, only on the basis of a global characterization result (as it can be done
conveniently in the scalar and in the rank one case). By a substantially different approach,
Hug, Schneider & Schuster obtained a complete set of Crofton formulae for the Minkowski
tensors (see [12, Theorems 2.1–2.6]). An annoying drawback of the explicit form of these
formulae was the complicated (though explicit) form of the coefficients required to express
the Crofton integral as a linear combination of Minkowski tensors. By now there exist sev-
eral further approaches (by different authors) to integral formulae for Minkowski tensors (for
instance, see [3] for translation invariant Minkowski tensors, [23, 15] for intrinsically defined
Minkowski tensors, and the literature cited there).
The aim of the present article is to state and prove for the first time a complete set of
kinematic and Crofton formulae for the Minkowski tensors. Our approach is based on the
recent kinematic and Crofton formulae for tensorial curvature measures, derived in [14, 16],
in combination with a relation going back to McMullen (see [26]), which had been used
before. Surprisingly, the formulae we will derive via globalization of the tensorial curvature
measures (which can be viewed as local versions of the Minkowski tensors) now involve
concise and structurally simple coefficients also in the case of the Crofton integrals.
During the last two decades, Minkowski tensors have been discussed and applied in the
literature related to physics and other natural sciences. In these contexts, disordered spatial
structures are explored, the properties of which are determined by their intrinsic geometry.
Minkowski tensors turned out to be a perfect and versatile tool for analyzing and quantita-
tively measuring such structures (see the surveys [27, 35, 36, 17] for an extensive overview
and the PhD thesis [19] for various detailed investigations). An exemplary list of appli-
cations includes nuclear physics [38], granular matter [18, 41, 30, 25], density functional
theory [40], physics of complex plasmas [5], and physics of materials science [28]. These
and many other applications rest upon various characterization and classification theorems
for tensor valuations, uniqueness and reconstruction results [8, 22, 21, 20], accompanied
by numerical algorithms [35, 36, 11, 6], stereological estimation procedures [23, 24], and
integral geometric formulae [12, 15, 39].
The paper is structured as follows. In Section 2, we fix our notation and define the Min-
kowski tensors. In Sections 3 and 4, we state the kinematic and the Crofton formulae. For
the proof our integral geometric formulae, we recall in Section 5 (an iteration of) a connex-
ion between Minkowski tensors and certain total generalized tensorial curvature measures
from McMullen [26, p. 269]. The main proofs are provided in Section 6. In each case, we
first deal with the case of translation invariant Minkowski tensors. As the arguments heavily
rely on the corresponding formulae for tensorial curvature measures, we recall the definition
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of these measure-valued valuations and state the required results in a form adjusted to the
current application, in an appendix.
2. PRELIMINARIES
We work in the n-dimensional Euclidean space Rn, equipped with its usual topology gen-
erated by the standard scalar product 〈· , ·〉 and the corresponding Euclidean norm ‖ · ‖. For
a topological space X , we denote the Borel σ-algebra on X by B(X).
We recall from the introduction that Gn denotes the group of proper rigid motions of R
n,
and µ is the motion invariant Haar measure on Gn, normalized in the usual way (see [34,
p. 586]). For k ∈ {0, . . . , n}, we denote the affine Grassmannian of k-dimensional affine
subspaces of Rn by A(n, k). We write µk for the motion invariant Haar measure on A(n, k),
normalized as in [34, p. 588]. The directional space of an affine k-flat E ∈ A(n, k) is
denoted by E0 ∈ G(n, k) and its orthogonal complement by E⊥ ∈ G(n, n− k).
The algebra of symmetric tensors over Rn is denoted by T (the underlying Rn will be
clear from the context), the vector space of symmetric tensors of rank p ∈ N0 is denoted by
Tp with T0 = R. The symmetric tensor product of two symmetric tensors T1, T2 over R
n is
denoted by T1T2, and the p-fold symmetric tensor product of a symmetric tensor T by T
p,
p ∈ N0, where T 0 := 1. IdentifyingRn with its dual space via its scalar product, we consider
a symmetric tensor of rank p as a symmetric p-linear map from (Rn)p to R. A special tensor
is the metric tensor Q ∈ T2, defined by Q(x, y) := 〈x, y〉 for x, y ∈ Rn. For an affine
k-flat E ⊂ Rn, k ∈ {0, . . . , n}, the metric tensor Q(E) associated with E is defined by
Q(E)(x, y) := 〈xE0 , yE0〉 for x, y ∈ Rn, where xE0 denotes the orthogonal projection of x
to E0.
In order to define the Minkowski tensors and to explain how they can be epxressed in
terms of the support measures, we start with some preparations. For a convex bodyK ∈ Kn
and x ∈ Rn, we denote the metric projection of x onto K by p(K, x) and define u(K, x) :=
(x−p(K, x))/‖x−p(K, x)‖ for x ∈ Rn\K. For ε > 0 and a Borel set η ⊂ Σn := Rn×Sn−1,
Mε(K, η) := {x ∈ (K + εBn) \K : (p(K, x), u(K, x)) ∈ η}
is a local parallel set ofK which satisfies the local Steiner formula
(4) Hn(Mε(K, η)) =
n−1∑
j=0
κn−jΛj(K, η)ε
n−j, ε ≥ 0.
This relation determines the support measures Λ0(K, ·), . . . ,Λn−1(K, ·) of K, which are
finite Borel measures on B(Σn). Obviously, a comparison of (4) and the Steiner formula
yields Vj(K) = Λj(K,Σ
n). For further information see [33, Chap. 4.2].
The Minkowski tensors can be seen as the tensor-valued generalizations of the intrinsic
volumes, obtained by extending the relation between the intrinsic volumes and the support
measures to tensorial functions and measures. Hence, for a convex body K ∈ Kn and
j, r, s ∈ N0, we define the Minkowski tensor
Φr,sj (K) :=
1
r!s!
ωn−j
ωn−j+s
∫
Rn×Sn−1
xrus Λj(K, d(x, u)),
for j ∈ {0, . . . , n− 1}, where ωn denotes the (n− 1)-dimensional volume of Sn−1, and by
Φr,0n (K) := Φ
r
n(K) :=
1
r!
∫
K
xrHn(dx).
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For the sake of convenience, we extend these definitions by Φr,sj := 0 for j /∈ {0, . . . , n} or
r /∈ N0 or s /∈ N0 or for j = n and s 6= 0.
For a polytope, there is an alternative representation of the support measures, which also
yields an explicit description for the Minkowski tensors. Let Pn ⊂ Kn denote the space of
convex polytopes in Rn. For a polytope P ∈ Pn and j ∈ {0, . . . , n}, we denote the set
of j-dimensional faces of P by Fj(P ) and the normal cone of P at a face F ∈ Fj(P ) by
N(P, F ). Then, the jth support measure Λj(P, ·) of P is explicitly given by
Λj(P, η) =
1
ωn−j
∑
F∈Fj(P )
∫
F
∫
N(P,F )∩Sn−1
1η(x, u)Hn−j−1(du)Hj(dx)
for η ∈ B(Σn) and j ∈ {0, . . . , n − 1}, where Hj denotes the j-dimensional Hausdorff
measure. In the same spirit, the Minkowski tensor of P is given by
Φr,sj (P ) =
1
r!s!
1
ωn−j+s
∑
F∈Fj(P )
∫
F
xrHj(dx)
∫
N(P,F )∩Sn−1
usHn−j−1(du),(5)
for j ∈ {0, . . . , n− 1}.
3. KINEMATIC FORMULAE FOR MINKOWSKI TENSORS
In this section, we state the complete set of kinematic formulae for the Minkowski tensors
of convex bodies. In other words, forK,K ′ ∈ Kn we express the integral mean value∫
Gn
Φr,sj (K ∩ gK ′)µ(dg)
in terms of certain Minkowski tensors of K and K ′. In fact, only some of the Minkowski
tensors of K are required and, in particular, only scalar Minkowski tensors (that is, intrinsic
volumes) ofK ′.
We proceed in two steps. First, we state and prove the formulae for the translation invari-
ant Minkowski tensors, then we turn to the formulae for general Minkowski tensors. It is
natural to consider the translation invariant Minkowski tensors separately, since the involved
Minkowski tensors are linearly independent in this case and the result has a simpler form.
The proof is basically an application of the kinematic formulae for the tensorial curvature
measures (obtained in [14]), combined with conclusion (6) after Lemma 6.
3.1. Translation invariant Minkowski tensors. As explained before, we start by stating
the kinematic formula for translation invariant Minkowski tensorsΦ0,sj , j, s ∈ N0 with j ≤ n,
where s = 0 if j = n. Here, the proof and the representation of the kinematic integrals
are simpler than in the general case, since several coefficients of the occurring Minkowski
tensors can be combined in a suitable way.
Theorem 1. Let K,K ′ ∈ Kn and j, s ∈ N0 with j ≤ n, where s = 0 if j = n. Then∫
Gn
Φ0,sj (K ∩ gK ′)µ(dg) =
n∑
k=j
⌊ s
2
⌋∑
m=0
es,m,0n,j,k Q
mΦ0,s−2mk (K)Vn−k+j(K
′),
where, form = 0, . . . , ⌊ s
2
⌋ − 1,
es,m,0n,j,k :=
1
(4pi)mm!
Γ(k
2
)
Γ( j
2
)
Γ( j+s
2
−m)
Γ(k+s
2
)
Γ(k−j
2
+m)
Γ(k−j
2
)
αn,j,k,
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with αn,j,k as in (1), and
e
s,⌊ s
2
⌋,0
n,j,k :=
k
2
+ ⌊ s
2
⌋
(4pi)⌊
s
2
⌋⌊ s
2
⌋!
Γ(k
2
)
Γ( j
2
+ 1)
Γ( j+s
2
− ⌊ s
2
⌋+ 1)
Γ(k+s
2
+ 1)
Γ(k−j
2
+ ⌊ s
2
⌋)
Γ(k−j
2
)
αn,j,k,
except for the case k = j = 0 where es,m,0n,0,0 := 1{m = 0} form = 0, . . . , ⌊ s2⌋.
In Theorem 1 one could define the coefficient e
s,⌊ s
2
⌋,0
n,j,k as for generalm, since the definitions
coincide for even s, and for odd s the difference does not have any effect, since Φ0,1k ≡ 0.
However, for subsequent use we have already defined them here in the appropriate way.
For k = j, we note that the coefficient in Theorem 1 is given by es,m,0n,j,j = 1{m = 0}.
For k = n, we note that the Minkowski tensors Φ0,s−2mn vanish if m 6= s2 . In the case of
m = s
2
(and hence s even), the corresponding coefficient is given by
e
s, s
2
,0
n,j,n =
1
(2
√
pi)s s
2
!
Γ(n
2
)
Γ(n+s
2
)
Γ(n−j+s
2
)
Γ(n−j
2
)
.
If j = 0, then the kinematic integral equals zero, if s is odd (the same is true for the sum
on the right side). For even s, the only non-vanishing coefficients for k ∈ {1, . . . , n} on the
right side of the kinematic formula are e
s, s
2
,0
n,0,k, as in that case the ratio Γ(
j+s
2
−m)/Γ( j
2
) is
read as 1{m = s
2
}, since for m = s
2
the two Gamma functions cancel and for m < s
2
the
term vanishes.
3.2. General Minkowski tensors. In this section, we state the kinematic formula for gen-
eral Minkowski tensors. The representation of the kinematic integral will be more involved
as compared to the translation invariant case treated in Theorem 1. This is due to the fact
that Lemma 6 contributes Minkowski tensors to the formula which did not occur before and
cannot be combined with the other Minkowski tensors. Nevertheless, the explicit represen-
tation of the integral geometric formula is still surprisingly simple (in particular if compared
to the Crofton formulae in [12], which can be applied to derive kinematic formulae).
Theorem 2. Let K,K ′ ∈ Kn and j, r, s ∈ N0 with j ≤ n, where s = 0 if j = n. Then
∫
Gn
Φr,sj (K ∩ gK ′)µ(dg) =
n∑
k=j
r∑
p=0
⌊ s
2
⌋∑
m=0
es,m,pn,j,k Q
mΦr−p,s−2m+pk+p (K)Vn−k+j(K
′),
where the coefficients es,m,0n,j,k are defined as in Theorem 1. For p = 1, . . . , r and m =
0, . . . , ⌊ s
2
⌋ − 1 the coefficients are
es,m,pn,j,k :=
mk−p
k
− s+p
2
k−j
k
(4pi)mm!
Γ(k
2
+ 1)
Γ( j
2
+ 1)
Γ( j+s
2
−m)
Γ(k+s
2
+ 1)
Γ(k−j
2
+m)
Γ(k−j
2
)
αn,j,k,
with αn,j,k as in (1), and
e
s,⌊ s
2
⌋,p
n,j,k :=
1
(4pi)⌊
s
2
⌋⌊ s
2
− 1⌋!
Γ(k
2
)
Γ( j
2
+ 1)
Γ( j+s
2
− ⌊ s
2
⌋+ 1)
Γ(k+s
2
+ 1)
Γ(k−j
2
+ ⌊ s
2
⌋)
Γ(k−j
2
)
αn,j,k,
except for the case j = k = 0 where es,m,pn,j,k := 0 for p ≥ 1 andm = 0, . . . , ⌊ s2⌋.
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Note that e
s,⌊ s
2
⌋,p
n,j,k = 0 for s = 0, since ((−1)!)−1 = Γ(0)−1 = 0. In Theorem 2, we also
have es,m,pn,j,j = 0 (for j = 0 this holds by definition). If p > 0 and k = n, then the Minkowski
tensors Φr−p,s−2m+pk+p vanish. For further simplifications of the coefficients, see the remark
after Theorem 1.
4. CROFTON FORMULAE FOR MINKOWSKI TENSORS
In this section, we state the complete set of Crofton formulae for Minkowski tensors,
which can be derived from the corresponding formulae for tensorial curvature measures
in [16]. That is, forK ∈ Kn, we explicitly express integrals of the form∫
A(n,k)
Φr,sj (K ∩E)µk(dE)
as a linear combination of Minkowski tensors of K (multiplied with suitable powers of the
metric tensor). As for the kinematic formulae, we only need a some of the Minkowski
tensors.
We start with the case j = k. For the sake of completeness, we mention this formula here,
although it has already been derived in [12] by a completely different approach.
Theorem 3. Let K ∈ Kn and k, r, s, l ∈ N0 with k ≤ n, where s = 0 if k = n. Then,∫
A(n,k)
Φr,sk (K ∩ E)µk(dE) = 1{s even}
1
(4pi)
s
2
s
2
!
Γ(n
2
)Γ(n−k+s
2
)
Γ(n+s
2
)Γ(n−k
2
)
Q
s
2Φr,0n (K).
It is not necessary to state a proof of Theorem 3. In fact, the formula is an immediate
consequence of Theorem A.2 (see also [16, Theorem 1]), which is obtained by simply setting
β = Rn. If k = n, then theMinkowski tensor on the left side of the formula vanishes if s 6= 0,
and so does the factor Γ(n−k+s
2
)/Γ(n−k
2
) on the right side.
4.1. Translation invariant Minkowski tensors. We proceed with the Crofton formulae in
the case of j < k, and start with the translation invariant Minkowski tensors.
Theorem 4. Let K ∈ Kn and j, k, r, s ∈ N0 with j < k ≤ n, where s = 0 if j = n. Then,
∫
A(n,k)
Φ0,sj (K ∩E)µk(dE) =
⌊ s
2
⌋∑
m=0
es,m,0n,j,n−k+jQ
mΦ0,s−2mn−k+j (K),
where the coefficients es,m,0n,j,n−k+j are defined as in Theorem 1.
For j = 0, we have Γ( j+s
2
− m)/Γ( j
2
) = 1{m = s
2
}. Thus in this case, the
only remaining summand on the right-hand side of the Crofton formula in Theorem 4 is
e
s, s
2
,0
n,0,n−kQ
s
2Φ0,0n−k+j(K), if s is even (otherwise the integral on the left-hand side vanishes).
We note that Theorem 4 coincides with Theorem 3 in [3], which was derived by a completely
different algebraic approach.
4.2. General Minkowski tensors. Finally, we state the Crofton formula for general Min-
kowski tensors. Similar to the kinematic formulae, we conclude from Lemma 6 that the
representation of the Crofton integrals involves more Minkowski tensors than in the transla-
tion invariant case.
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Theorem 5. Let K ∈ Kn and j, k, r, s ∈ N0 with j < k ≤ n. Then,
∫
A(n,k)
Φr,sj (K ∩ E)µk(dE) =
r∑
p=0
⌊ s
2
⌋∑
m=0
es,m,pn,j,n−k+jQ
mΦr−p,s−2m+pn−k+j+p (K),
where the coefficients es,m,pn,j,n−k+j are defined as in Theorem 1 and 2.
In Theorem 5, for j = k− 1, the only summand remaining in the summation with respect
to p is the one for p = 0, as the Minkowski tensors, which occur for p > 0, vanish.
5. PREPARATIONS
In this section, we state a lemma proved by McMullen (see [26, p. 269]), which provides
a relation between Minkowski tensors and certain total generalized tensorial curvature mea-
sures (further details on these can be found in [14]). Following the presentation in [26], for
a polytope P ∈ Pn with face F ∈ Fk(P ), k ≤ n, we define
Υr(F ) :=
1
r!
∫
F
xrHk(dx),
for r ∈ N0, and
Θs(P, F ) :=
1
s!
1
ωn−k+s
∫
N(P,F )∩Sn−1
usHn−k−1(du),
for s ∈ N0. If r /∈ N0, then we set Υr(F ) := 0, and if s /∈ N0, then Θs(P, F ) := 0. Then we
obtain
Φr,sk (P ) =
∑
F∈Fk(P )
Υr(F )Θs(P, F ),
using the just defined functionals. Furthermore, for k ∈ {0, . . . , n− 1} and integers r, s, we
obtain
φr,s−2,1k (P,R
n) = 2pi
k
∑
F∈Fk(P )
Q(F )Υr(F )Θs−2(P, F ),
where φr,s−2,1k (P,R
n) are the total generalized tensorial curvature measures of P (for defini-
tions and further remarks, see Appendix A).
Next, we can state McMullen’s lemma, which has been proved in a different way by Ralph
Schuster (see [37, Lemma 2.3.5]).
Lemma 6 ([26, p. 269]). Let P ∈ Pn be a polytope, let r, s be integers and k ∈ {0, . . . , n}.
Then
2pisΦr,sk (P ) =
∑
F∈Fk(P )
Q(F⊥)Υr(F )Θs−2(P, F )
+
∑
G∈Fk+1(P )
Q(G)Υr−1(G)Θs−1(P,G).
For r = 0, the second sum on the right side of the formula in Lemma 6 vanishes. If also
s = 1, then the lemma simply states that Φ0,1k ≡ 0.
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Moreover, we obtain a representation of φr,s−2,1k (P,R
n) by Minkowski tensors, as
Lemma 6 yields
k
2pi
φr,s−2,1k (P,R
n) =
∑
F∈Fk(P )
Q(F )Υr(F )Θs−2(P, F )
= QΦr,s−2k (P )− 2pisΦr,sk (P ) +
∑
G∈Fk+1(P )
Q(G)Υr−1(G)Θs−1(P,G),
where the final summation with respect to G equals φr−1,s−1,1k+1 (P,R
n). Hence, we obtain
recursively
k
2pi
φr,s−2,1k (P,R
n) = QΦr,s−2k (P ) +QΦ
r−1,s−1
k+1 (P )− 2pisΦr,sk (P )− 2pi(s+ 1)Φr−1,s+1k+1 (P )
+
∑
G∈Fk+1(P )
Q(G)Υr−2(G)Θs(P,G)
=
r∑
p=0
(
QΦr−p,s+p−2k+p (P )− 2pi(s+ p) Φr−p,s+pk+p (P )
)
,(6)
where the sum with respect to p effectively goes up to min{r, n − k}. This representation
has also been derived in [39, Proposition 2.1] (more generally, for sets with positive reach).
Note that these relations extend to general convex bodies (and then also to polyconvex sets),
since all functionals involved can be continuously extended to general convex bodies (and
are additive) as shown in [9, 10].
6. THE PROOFS
6.1. The Proofs of the Kinematic Formulae. The proofs of the kinematic formulae are
applications of the kinematic formulae for tensorial curvature measures (obtained in [16]).
Although we could prove Theorem 2 directly without first establishing Theorem 1, we start
with the latter in order to emphasize the difference in the coefficients of the appearing trans-
lation invariant and the general Minkowski tensors. Since this allows us to simply recall part
of the argument, it does not lead to undue repetitions in the proof of Theorem 2.
Proof of Theorem 1. It is sufficient to prove the assertion for polytopes P, P ′ ∈ Pn. The
general case follows by a straightforward approximation argument. We denote the integral
under investigation by I . Then Theorem A.1 (see [14, Theorem 4]) with β = β ′ = Rn yields
I =
n−1∑
k=j+1
( ⌊ s
2
⌋∑
m=0
cs,0,mn,j,k Q
mΦ0,s−2mk (P ) +
⌊ s
2
⌋∑
m=1
cs,1,mn,j,k Q
m−1φ0,s−2m,1k (P,R
n)
)
Vn−k+j(P
′)
+ Φ0,sj (P )Vn(P
′) + esn,j Q
s
2Φ0n(P )Vj(P
′),
since cs,1,0n,j,k = 0. We conclude from (6) that
φ0,s−2m,1k (K,R
n) =
2pi
k
QΦ0,s−2mk (P )−
4pi2
k
(s− 2m+ 2)Φ0,s−2m+2k (P ).
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Hence, we get
I =
n−1∑
k=j+1
( ⌊ s
2
⌋∑
m=0
cs,0,mn,j,k Q
mΦ0,s−2mk (P ) +
⌊ s
2
⌋∑
m=1
2pi
k
cs,1,mn,j,k Q
mΦ0,s−2mk (P )
−
⌊ s
2
⌋−1∑
m=0
4pi2
k
(s− 2m)cs,1,m+1n,j,k QmΦ0,s−2mk (P )
)
Vn−k+j(P
′)
+ Φ0,sj (P )Vn(P
′) + esn,j Q
s
2 Vn(P )Vj(P
′).
Combining all the sums with respect tom gives
I =
n−1∑
k=j+1
⌊ s
2
⌋∑
m=0
(
cs,0,mn,j,k +
2pi
k
cs,1,mn,j,k −
4pi2
k
(s− 2m)cs,1,m+1n,j,k
)
QmΦ0,s−2mk (P )Vn−k+j(P
′)
+ Φ0,sj (P )Vn(P
′) + esn,jQ
s
2 Vn(P )Vj(P
′),
which holds as cs,1,0n,j,k = 0 and, form = ⌊ s2⌋, either (s−2m) = 0 (if s is even) or Φ0,s−2mk ≡ 0
(if s is odd). Now we simplify the occurring coefficients
es,m,0n,j,k := c
s,0,m
n,j,k +
2pi
k
cs,1,mn,j,k −
4pi2
k
(s− 2m)cs,1,m+1n,j,k
=
1
(4pi)mm!
Γ(k
2
+ 1)
Γ(k+s
2
+ 1)
αn,j,k
((
1 +
2m
k
)
Γ( j+s
2
−m+ 1)
Γ( j
2
+ 1)
Γ(k−j
2
+m)
Γ(k−j
2
)
− s− 2m
k
Γ( j+s
2
−m)
Γ( j
2
+ 1)
Γ(k−j
2
+m+ 1)
Γ(k−j
2
)
)
=
1
(4pi)mm!
Γ(k
2
)
Γ( j
2
)
Γ( j+s
2
−m)
Γ(k+s
2
)
Γ(k−j
2
+m)
Γ(k−j
2
)
αn,j,k,
for 0 ≤ j < k < n and m = 0, . . . , ⌊ s
2
⌋ − 1. Altough it is irrelevant here, as explained
before, we define the coefficients form = ⌊ s
2
⌋ in a slightly different way by
e
s,⌊ s
2
⌋,0
n,j,k := c
s,0,⌊ s
2
⌋
n,j,k +
2pi
k
c
s,1,⌊ s
2
⌋
n,j,k
=
k
2
+ ⌊ s
2
⌋
(4pi)⌊
s
2
⌋⌊ s
2
⌋!
Γ(k
2
)
Γ( j
2
+ 1)
Γ( j+s
2
− ⌊ s
2
⌋+ 1)
Γ(k+s
2
+ 1)
Γ(k−j
2
+ ⌊ s
2
⌋)
Γ(k−j
2
)
αn,j,k,
which turns out to be appropriate in view of Theorem 2. For even s this coincides with the
general definition, whereas for odd s these two expressions are different.
The continuation of the coefficients to k = j ≥ 1 is given by es,m,0n,j,j = 1{m = 0} (if
j = k = 0 this is true by definition), and to k = n and for even s it is given by
e
s,⌊ s
2
⌋,0
n,j,n = e
s
n,j.
Hence, we can briefly write
I =
n∑
k=j
⌊ s
2
⌋∑
m=0
es,m,0n,j,k Q
mΦ0,s−2mk (P )Vn−k+j(P
′),
since Φ0,s−2mn vanishes ifm 6= s2 . 
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In the proof of the general case, we observe that the coefficients of the translation invariant
Minkowski tensors are the same as the ones which we derived in Theorem 1. However, the
coefficients of the other Minkowski tensors have to be defined in a slightly different way.
Proof of Theorem 2. Again, it is sufficient to prove the assertion for polytopes P, P ′ ∈ Pn.
The general case follows by an approximation argument. We denote the integral under in-
vestigation by I . Then Theorem A.1 with β = Rn and β ′ = Rn yields, as in the proof of
Theorem 1,
I =
n−1∑
k=j+1
( ⌊ s
2
⌋∑
m=0
cs,0,mn,j,k Q
mΦr,s−2mk (P ) +
⌊ s
2
⌋∑
m=1
cs,1,mn,j,k Q
m−1φr,s−2m,1k (P,R
n)
)
Vn−k+j(P
′)
+ Φr,sj (P )Vn(P
′) + esn,j Q
s
2Φr,0n (P )Vj(P
′).
We conclude from (6)
I =
n−1∑
k=j+1
⌊ s
2
⌋∑
m=0
cs,0,mn,j,k Q
mΦr,s−2mk (P )Vn−k+j(P
′)
+
n−1∑
k=j+1
2pi
k
r∑
p=0
( ⌊ s
2
⌋∑
m=1
cs,1,mn,j,k Q
mΦr−p,s−2m+pk+p (P )
− 2pi
⌊ s
2
⌋∑
m=1
(s− 2m+ p+ 2)cs,1,mn,j,k Qm−1Φr−p,s−2m+p+2k+p (P )
)
Vn−k+j(P
′)
+ Φr,sj (P )Vn(P
′) + esn,j Q
s
2Φr,0n (P )Vj(P
′).
For p = 0, we can combine all of the coefficients as in the proof of the translation invariant
case in Theorem 1. For this purpose it is important that the definition of the coefficients for
m = s−1
2
(if s is odd) differs from the general ones, as for r > 0, we have Φr,1k 6≡ 0 in
general. Thus, we obtain
I =
n∑
k=j
⌊ s
2
⌋∑
m=0
es,m,0n,j,k Q
mΦr,s−2mk (P )Vn−k+j(P
′)
+
n−1∑
k=j+1
2pi
k
r∑
p=1
( ⌊ s
2
⌋−1∑
m=0
(
cs,1,mn,j,k − 2pi(s− 2m+ p)cs,1,m+1n,j,k
)
QmΦr−p,s−2m+pk+p (P )
+ c
s,1,⌊ s
2
⌋
n,j,k Q
⌊ s
2
⌋Φ
r−p,s−2⌊ s
2
⌋+p
k+p (P )
)
Vn−k+j(P
′),
as cs,1,0n,j,k = 0. Now we rename the remaining coefficients as
es,m,pn,j,k :=
2pi
k
(
cs,1,mn,j,k − 2pi(s− 2m+ p)cs,1,m+1n,j,k
)
,
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which we simplify via
es,m,pn,j,k =
1
(4pi)mm!
Γ(k
2
+ 1)
Γ( j
2
+ 1)
Γ( j+s
2
−m)
Γ(k+s
2
+ 1)
Γ(k−j
2
+m)
Γ(k−j
2
)
αn,j,k
× 2
k
(
m
(
j+s
2
−m
)
− s−2m+p
2
(
k−j
2
+m
))
︸ ︷︷ ︸
=mk−p
k
− s+p
2
k−j
k
,
and denote e
s,⌊ s
2
⌋,p
n,j,k :=
2pi
k
c
s,1,⌊ s
2
⌋
n,j,k , for p > 0, which gives the assertion. 
6.2. The Proofs of the Crofton Formulae. The connection of the Crofton formula and the
kinematic formula (for the scalar (local) case, see the proof of Theorem 4.4.5 in [33], for
the tensorial (local) case, see the proofs of Theorem 1 and Theorem 4 in [16]) cannot be
used to derive the Crofton formulae for Minkowski tensors, as this requires local arguments
which are only available for the measure-valued valuations. However, we can prove the
Crofton formulae by globalizing the corresponding Crofton formulae for the global curvature
measures and by a subsequent application of Lemma 6 to these results. Again, we treat the
translation invariant and the general case separately, and start with the former.
Proof of Theorem 4. We establish the assertion for a polytope P ∈ Pn. Let us denote the
integral under investigation by I . Then Theorem A.3 (see [16, Theorem 4]) with β = Rn
and r = 0 yields
I =
⌊ s
2
⌋∑
m=0
cs,0,mn,j,n−k+jQ
mΦ0,s−2mn−k+j (P ) +
⌊ s
2
⌋∑
m=1
cs,1,mn,j,n−k+jQ
m−1φ0,s−2m,1n−k+j (P,R
n).
As in the preceding proofs, we obtain from (6)
I =
⌊ s
2
⌋∑
m=0
cs,0,mn,j,n−k+jQ
mΦ0,s−2mn−k+j (P ) +
2pi
n−k+j
⌊ s
2
⌋∑
m=1
cs,1,mn,j,n−k+jQ
mΦ0,s−2mn−k+j (P )
− 4pi2
n−k+j
⌊ s
2
⌋∑
m=1
(s− 2m+ 2)cs,1,mn,j,n−k+jQm−1Φ0,s−2m+2n−k+j (P ).
Comparing this to the proof of Theorem 1, we observe, that we simply obtain the same
coefficients in a different order. Thus, the proof is already complete. 
In the proof of the Crofton formulae for general Minkowski tensors, we observe that the
coefficients of the translation invariant Minkowski tensors are the same as the ones which
we derived in Theorem 1. However, the coefficients of the other Minkowski tensors have to
be defined in a slightly different way.
Proof of Theorem 5. We only prove the assertion for a polytope P ∈ Pn and refer to an
approximation argument for the case of general convex bodies. We denote the integral under
investigation by I . Then Theorem A.3 (see [16, Theorem 4]) with β = Rn yields
I =
⌊ s
2
⌋∑
m=0
cs,0,mn,j,n−k+jQ
mΦr,s−2mn−k+j (P ) +
⌊ s
2
⌋∑
m=1
cs,1,mn,j,n−k+jQ
m−1φr,s−2m,1n−k+j (P,R
n).
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As before, we conclude from (6)
I =
⌊ s
2
⌋∑
m=0
cs,0,mn,j,n−k+jQ
mΦr,s−2mn−k+j (P ) +
2pi
n−k+j
⌊ s
2
⌋∑
m=1
r∑
p=0
cs,1,mn,j,n−k+jQ
mΦr−p,s−2m+pn−k+j+p (P )
− 4pi2
n−k+j
⌊ s
2
⌋∑
m=1
r∑
p=0
cs,1,mn,j,n−k+j(s− 2m+ p+ 2)Qm−1Φr−p,s−2m+p+2n−k+j+p (P ).
Similarly to the preceding proof, we observe that we obtain the same coefficients as in the
proof of Theorem 2, which concludes the argument. 
APPENDIX A. INTEGRAL FORMULAE FOR TENSORIAL CURVATURE MEASURES
In this section, we give a brief definition of the (generalized) tensorial curvature measures,
which are applied in this work. Furthermore, we state the kinematic and Crofton formulae
which involve the tensorial curvature measures (see [14, 16]). These form the basis of the
proofs of the corresponding integral formulae for the Minkowski tensors.
A.1. The (generalized) tensorial curvature measures. First, we recall the definitions of
the (generalized) tensorial curvature measures. The tensorial curvature measures are tensor-
valued generalizations of the curvature measures and thus local versions of the Minkowski
tensors (which in turn are tensor-valued generalizations of the intrinsic volumes). For K ∈
Kn, they are defined as the Borel measures φr,s,0j (K, ·), r, s ∈ N0, on B(Rn) which are given
by
φr,s,0j (K, β) :=
1
r!s!
ωn−j
ωn−j+s
∫
β×Sn−1
xrus Λj(K, d(x, u)),
for j ∈ {0, . . . , n− 1} and β ∈ B(Rn). In addition, we define
φr,0n (K, β) := φ
r
n(K, β) :=
1
r!
∫
β
xrHn(dx).
Hence, Φrn(K) = φ
r
n(K,R
n) and, in particular, Φ0n(K) = φ
0
n(K,R
n) = Vn(K). Also note
that φ0,0,0j (K, ·) = φj(K, ·) is the jth curvature measure ofK and φj(K,Rn) = Vj(K).
Obviously, the total tensorial curvature measures are just the Minkowski tensors. A mod-
ification of the representation (5) can be used to define the generalized tensorial curvature
measure
φr,s,1j (P, ·), j ∈ {0, . . . , n− 1}, r, s ∈ N0,
of a polytope P ∈ Pn as the Borel measure on B(Rn) which is given by
φr,s,1j (P, β) :=
2pi
j
1
r!s!
1
ωn−j+s
∑
F∈Fj(P )
Q(F )
∫
F∩β
xrHj(dx)
∫
N(P,F )∩Sn−1
usHn−j−1(du),
for β ∈ B(Rn). For the just defined generalized tensorial curvature measures, there also
exist continuous extensions to Kn (as explained in [14, Section 2] and according to [9, 10]).
For more details on the (generalized) tensorial curvature measures see [14, Section 2].
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A.2. Integral formulae for the tensorial curvature measures. Next, we state the integral
formulae, which we need in the proofs in Section 6. We start with the kinematic formula for
tensorial curvature measures (see [14, Theorem 4]).
Theorem A.1. ForK,K ′ ∈ Kn, β, β ′ ∈ B(Rn) and j, r, s ∈ N0 with j ≤ n,∫
Gn
φr,s,0j (K ∩ gK ′, β ∩ gβ ′)µ(dg)
=
n−1∑
k=j+1
⌊ s
2
⌋∑
m=0
1∑
i=0
cs,i,mn,j,k Q
m−iφr,s−2m,ik (K, β)φn−k+j(K
′, β ′)
+ φr,s,0j (K, β)φn(K
′, β ′) + esn,j Q
s
2φrn(K, β)φj(K
′, β ′),
where
cs,i,mn,j,k :=
1
(4pi)mm!
(
m
i
)
pii
Γ(k
2
+ 1)
Γ( j
2
+ 1)
Γ( j+s
2
−m+ 1)
Γ(k+s
2
+ 1)
Γ(k−j
2
+m)
Γ(k−j
2
)
αn,j,k
with αn,j,k as in (1) and
esn,j := 1{s even}
1
(2pi)s s
2
!
Γ(n−j+s
2
)
Γ(n−j
2
)
ωn+s
ωn
.
Stating the Crofton formulae, we distinguish the cases k = j and j < k (see [16, Theo-
rem 1 and Theorem 4]).
Theorem A.2. Let P ∈ Pn, β ∈ B(Rn) and k, r, s, l ∈ N0 with k ≤ n. Then,∫
A(n,k)
φr,s,0k (P ∩E, β ∩ E)µk(dE) = esn,j Q
s
2φrn(P, β),
where esn,j is defined as in Theorem A.1.
Theorem A.3. Let K ∈ Kn, β ∈ B(Rn) and j, k, r, s ∈ N0 with j < k ≤ n. Then,∫
A(n,k)
φr,s,0j (K ∩ E, β ∩ E)µk(dE) =
⌊ s
2
⌋∑
m=0
1∑
i=0
cs,i,mn,j,n−k+jQ
m−iφr,s−2m,in−k+j (K, β),
where the coefficients cs,i,mn,j,n−k+j are defined as in Theorem A.1 and c
s,i,m
n,j,j = 1{m = i = 0}.
REFERENCES
[1] S. Alesker. Continuous rotation invariant valuations on convex sets. Ann. of Math., 149:977–1005, 1999.
[2] S. Alesker. Description of continuous isometry covariant valuations on convex sets. Geom. Dedicata,
74:241–248, 1999.
[3] A. Bernig and D. Hug. Kinematic formulas for tensor valuations. J. Reine Angew. Math., 2015. to appear.
[4] W. Blaschke. Vorlesungen über Integralgeometrie. VEB Deutscher Verlag der Wissenschaften, Berlin,
1955.
[5] A. Böbel and C. Räth. Kinetics of fluid demixing in complex plasmas: Domain growth analysis using
Minkowski tensors. Phys. Rev. E, 94:013201, 2016.
[6] S. T. Christensen and M. Kiderlen. Comparison of two global digital algorithms for Minkowski ten-
sor estimation. Centre for Stochastic Geometry and Advanced Bioimaging, Research Report, 2016.
http://pure.au.dk/portal/files/104174606/math csgb 2016 10.pdf.
[7] H. Hadwiger and R. Schneider. Vektorielle Integralgeometrie. Elem. Math., 26:49–57, 1971.
[8] J. Hörrmann and A. Kousholt. Reconstruction of convex bodies from moments. arXiv:1605.06362, 2016.
[9] D. Hug and R. Schneider. Local tensor valuations. Geom. Funct. Anal., 24:1516–1564, 2014.
INTEGRAL GEOMETRIC FORMULAE FOR MINKOWSKI TENSORS 15
[10] D. Hug and R. Schneider. Tensor valuations and their local versions. In M. Kiderlen and E. B. V. Jensen,
editors, Tensor Valuations and their Applications in Stochastic Geometry and Imaging, volume 2177 of
Lecture Notes in Mathematics. Springer, 2017.
[11] D. Hug, M. Kiderlen, and A. M. Svane. Voronoi-based estimation of Minkowski tensors from finite point
samples. Discrete Comput. Geom., 57:545–570, 2017.
[12] D. Hug, R. Schneider, and R. Schuster. Integral geometry of tensor valuations. Adv. Appl. Math., 41:482–
509, 2008.
[13] D. Hug, R. Schneider, and R. Schuster. The space of isometry covariant tensor valuations. St. Petersburg
Mathematical Journal, 19:137–158, 2008.
[14] D. Hug and J. A. Weis. Kinematic formulae for tensorial curvature measures. arXiv:1612.08427, 2016.
[15] D. Hug and J. A. Weis. Crofton formulae for tensor-valued curvature measures. In M. Kiderlen and
E. B. V. Jensen, editors, Tensor Valuations and their Applications in Stochastic Geometry and Imaging,
volume 2177 of Lecture Notes in Mathematics. Springer, 2017.
[16] D. Hug and J. A. Weis. Crofton formulae for tensorial curvaturemeasures: the general case. In G. Bianchi,
A. Colesanti, and P. Gronchi, editors, Analytic aspects of convexity, Springer INdAM Series. Springer,
2017+. arXiv:1606.05131 (2016).
[17] E. B. V. Jensen andM. Kiderlen, editors. Tensor Valuations and their Applications in Stochastic Geometry
and Imaging, volume 2177 of Lecture Notes in Mathematics, Berlin, 2017. Springer.
[18] S. C. Kapfer, W. Mickel, K. Mecke, and G. E. Schröder-Turk. Jammed spheres: Minkowski tensors reveal
onset of local crystallinity. Phys. Rev. E, 85:030301, 2012.
[19] M. A. Klatt. Morphometry of random spatial structures in physics. Dissertation, Friedrich-Alexander-
Universität Erlangen-N 2016.
[20] A. Kousholt.Minkowski Tensors. Stereological Estimation, Reconstruction and Stability Results. Disser-
tation, Aarhus University, 2016.
[21] A. Kousholt. Reconstruction of n-dimensional convex bodies from surface tensors. Centre for Stochastic
Geometry and Advanced Bioimaging, Research Report, 2016.
http://pure.au.dk/portal/files/101273868/math csgb 2016 08.pdf.
[22] A. Kousholt and M. Kiderlen. Reconstruction of convex bodies from surface tensors. Adv. Appl. Math.,
76:1–33, 2016.
[23] A. Kousholt, M. Kiderlen, and D. Hug. Surface tensor estimation from linear sections. Math. Nachr.,
288:1647–1672, 2015.
[24] A. Kousholt, J. F. Ziegel, M. Kiderlen, and E. B. V. Jensen. Stereological estimation of mean particle
volume tensors in R3 from vertical sections. Centre for Stochastic Geometry and Advanced Bioimaging,
Research Report, 2016. http://pure.au.dk/portal/files/103277013/math csgb 2016 09.pdf.
[25] M. R. Kuhn, W. Sun, and Q. Wang. Stress-induced anisotropy in granular materials: fabric, stiffness, and
permeability. Acta Geotech., 10:399–419, 2015.
[26] P. McMullen. Isometry covariant valuations on convex bodies. Rend. Circ. Mat. Palermo (2) Suppl.,
50:259–271, 1997.
[27] K. R. Mecke. Additivity, convexity, and beyond: Applications of Minkowski functionals in statistical
physics. In K. R. Mecke and D. Stoyan, editors, Statistical Physics and Spatial Statistics, volume 554 of
Lecture Notes in Physics, Berlin, 2000. Springer.
[28] M. Saadatfar, M. Mukherjee, M. Madadi, G. E. Schröder-Turk, F. Garcia-Moreno, F. M. Schaller, S. Hut-
zler, A. P. Sheppard, J. Banhart, and U. Ramamurty. Structure and deformation correlation of closed-cell
aluminium foam subject to uniaxial compression. Acta Mater., 60:3604–3615, 2012.
[29] L. A. Santaló. Integral Geometry and Geometric Probability. Addison-Wesley, Reading, MA, 1971.
[30] F. M. Schaller, S. C. Kapfer, J. E. Hilton, P. W. Cleary, K. Mecke, C. De Michele, T. Schilling, M. Saa-
datfar, M. Schröter, G. W. Delaney, and G. E. Schröder-Turk. Non-universal Voronoi cell shapes in amor-
phous ellipsoid packs. Europhysics Letters, 111:24002, 2015.
[31] R. Schneider. Krümmungsschwerpunkte konvexer Körper. I. Abh. Math. Sem. Univ. Hamburg, 37:112–
132, 1972.
[32] R. Schneider. Krümmungsschwerpunkte konvexer Körper. II. Abh. Math. Sem. Univ. Hamburg, 37:204–
217, 1972.
16 DANIEL HUG AND JAN A. WEIS
[33] R. Schneider.Convex Bodies: The Brunn-Minkowski Theory, volume 151 of Encyclopedia of Mathematics
and Its Applications. Cambridge University Press, Cambridge, 2014.
[34] R. Schneider and W. Weil. Stochastic and Integral Geometry. Springer, Berlin, 2008.
[35] G. E. Schröder-Turk, S. Kapfer, B. Breidenbach, C. Beisbart, and K. Mecke. Tensorial Minkowski func-
tionals and anisotropy measures for planar patterns. J. Microsc., 238:57–74, 2010.
[36] G. E. Schröder-Turk, W. Mickel, S. C. Kapfer, M. A. Klatt, F. M. Schaller, M. J. F. Hoffmann, N. Klepp-
mann, P. Armstrong, A. Inayat, D. Hug, M. Reichelsdorfer, W. Peukert, W. Schwieger, and K. Mecke.
Minkowski tensor shape analysis of cellular, granular and porous structures. Adv. Mater., 23:2535–2553,
2011.
[37] R. Schuster. Tensorwertige additive Funktionale auf konvexen Körpern. Dissertation, Albert-Ludwigs-
Universität Freiburg, 2004.
[38] B. Schütrumpf, M. A. Klatt, K. Iida, G. E. Schröder-Turk, J. A. Maruhn, K. Mecke, and P.-G. Reinhard.
Appearance of the single gyroid network phase in “nuclear pasta” matter. Phys. Rev. C, 91:025801, 2015.
[39] A. M. Svane and E. B. V. Jensen. Rotational Crofton formulae for Minkowski tensors and some affine
counterparts. Adv. Math., 317:645–664, 2017.
[40] R. Wittmann, M. Marechal, and K. Mecke. Fundamental measure theory for smectic phases: Scaling
behavior and higher order terms. J. Chem. Phys., 141:064103, 2014.
[41] C. Xia, Y. Cao, B. Kou, J. Li, Y. Wang, X. Xiao, and K. Fezzaa. Angularly anisotropic correlation in
granular packings. Phys. Rev. E, 90:062201, 2014.
KARLSRUHE INSTITUTE OF TECHNOLOGY (KIT), DEPARTMENT OF MATHEMATICS, D-76128 KARLS-
RUHE, GERMANY
E-mail address: daniel.hug@kit.edu
KARLSRUHE INSTITUTE OF TECHNOLOGY (KIT), DEPARTMENT OF MATHEMATICS, D-76128 KARLS-
RUHE, GERMANY
E-mail address: jan.weis@kit.edu
